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Abstract 

The inhomogeneous single-, two- and three-boson realizations of the more general 
polynomial angular momentum algebra SlA n {2) are obtained from the Fock represen- 
tations of SU n {2) that corresponds to the indecomposable representation on the space 
of universal enveloping algebra U(SlA n {2)) and to the induced representations on the 
quotient spaces U(SU n (2))/Ii, with Ii being some left ideals of U{SU n (2)). 
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Recently, many attention has been paid to a type of polynomial angular momentum alge- 
bras, denoted by SU n {2) (the suffix n is referred to as the highest power of polynomial), and 
their physical applications in quantum mechanics jj| such as additional symmetries, exactly 
solvable and (super) integrable problems, inverse scattering and conformal field theories, H, || 
quantum optics, Q ||) and so on. Similar to the ordinary angular momentum algebra SU(2), 
H SU n {2) is spanned by three elements { J3, J + , J_}, and however, they satisfy the following 
commutation relations 

n 

IJ3, j±] = ±j±, J-] = E G4, (!) 

where Cj's are arbitrary real numbers. It is obvious from Eq. (|l|) that SU n {2) has a coset 
structure SU n {2) = h + v, i.e., the element J3 of SU n {2) forms the Lie algebra h=XJ(l); 
the remaining two elements J + , J_ G u transform according to a representation of U(l), 
moreover here, different from SU(2), their commutator yields a polynomial function of J3 € 
U(l) with arbitrary powers and coefficients. When C\ = 2 (or —2), Co = Cj = (j > 1), 
SU n {2) goes back to SU(2) (or its non-compact type SU(1,1)). If the polynomial function 
takes {q Js — q~ Ji )/(q — q -1 ) with a positive real number q, an infinite series involving all 
odd powers of J3, then SU n {2) becomes the well known quantum group SU g (2). || In fact, 
the first special case of polynomial angular momentum algebra is the so-called Higgs alge- 
bra, its polynomial function being C\ J3 + C3J3, which was used by Higgs M to establish 
the existence of additional symmetries for the isotropic oscillator and Kepler potentials in a 
two-dimensional curved space. Later many authors studied in detail the polynomial angular 
momentum algebras of different powers and their extensions [7, 10-21]. After Biedenharn 



realized SU q (2) by introducing g-deformed boson, || Daskaloyannis and Bonatsos |12] 
discussed the polynomial angular momentum algebras by means of generalized deformed os- 
cillator respectively, and Quesne |13| related them to generalized deformed parafermion in 



the study of the spectra of Morse and modied Poschl- Teller potentials. Beckers et al. [14] 
discussed single- variable differential realizations of SU2(2) and the Higgs algebra, and gave a 
unitrary two-boson realization of the Higgs algebra. More recently, Ruan et al. |]l5| obtained 
inhomogeneous boson and differential realizations of SIA2{2) from its indecomposable repre- 
sentations. In the present work we shall further study the inhomogeneous boson realizations 
of the more general polynomial angular momentum algebra SU n {2) characterized by Eq. (|l|) 
for the arbitrary power n. 

Let us begin with calculating the indecomposable representations of SU n (2). In terms 



of the Poincare-Birkhoff-Witt theorem, [|22| , 23 1 a basis for universal enveloping algebra 



U{SU n {2)) of SU n {2) can be chosen as the following set of ordered elements 

{X(mi,m 2 ,m 3 ) = J™ 1 J m2 J 3 m3 \m u m 2 , m 3 G N}, (2) 
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X(0, 0,0) =1 denotes the identity operator, where the symbol K denotes the set of non- 
negative integers. It follows that by acting with three elements J 3 , J+, J_ from the left upon 
the basis (||) we may obtain a master representation of SU n {2) 

p(J 3 )X(mi, m 2 , m 3 ) = X(m 1 ,m 2 ,m 3 + 1) + (mi - m 2 )X(mi,m 2 ,m 3 ), 
p(J + )X(m 1 ,m 2 ,m 3 ) = X(m + 1, m 2 , m 3 ), 

n n mi — 1 (Q^i 

p(J_)X(mi,m 2 ,m 3 )= m 2 + 1, m 3 ) - E E E <^Cf 

h=0i=h j=0 

x (j - m 2 ) l ~ h X(mi - 1, m 2 ,m 3 + /i), 

where the symbol is the usual binomial coefficient = i\/h\(i — h)\. In order to obtain 
the third equation of Eq. (|3|) , we have used the following equations with respect to Eq. ([[]) 

[( J 3 + j)\ J%] = E C?(±m)'-*^(J 3 + j)\ J G N, 

i=0 (4) 

n m—1 <■ / 

[J_, Jf] = —J™ E E ^(Js + fc) 4 . 

i=0 fc=0 

When Ci = (i > 2), Eq. (g) leads to the results of SW 2 (2) obtained in Ref. |5|. 

We notice that the representation /5 given by Eq. (g) in fact is indecomposable [24, 25] 
in m 2 and m 3 , owing to the fact that the values for the indices m 2 and m 3 do not decrease 
under the action of p. Furthermore, on the quotient space U(SU n {2))/Ii, where Jj's are left 
ideals with respect to U(SU n (2)), the indecomposable representation p may induce the other 
representations of SU n {2) by choosing different Ij's. 

Now let us construct the boson realizations of SU n {2) from the indecomposable represen- 
tation p. First of all, it can be seen from Eq. (||) that the matrix elements p(J a )m\'JmfJml 
(a = 3, +, — ), which are determined by the commutation relations ([[]), are related to three 
independent parameters mi, m 2 , m 3 , so we need three sets of independent boson operators 
af, en (i = 1, 2, 3) to define a Fock space, which is automorphic to U(SU n (2)), with basis 

{|mi,m 2 ,m 3 ) = (a+) mi (4) m2 (4) m3 |0) I mx,m 2 ,m 3 G N}, (5) 

where |0) stands for a vacuum state, and ai\0) = 0. These boson operators, together with 
particle number operators hi = afcii (i=l, 2, 3), satisfy the commutation relations 

[au af] = 5ij, [aj, a,] = [a+, a+] = 0; 
«/] = [fk, aj] = ~ a j^ij, 

and satisfy the following four equations to be used later 



(6) 



aj\...,mi, ...) = \...,mi + 1,...), 
ai\...,mi, ...} = mi\...,rrii - 1, ...}, 

nj[...,mj, ...) = rrii\...,mi, ...), ( 7 ) 
e^|...,m;,...) = g C*.|..., fe, ...). 

fc=0 
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Thus, the corresponding Fock representation of SU n {2) may be obtained directly from 
the indecomposable representation p as 



F(J 3 )\m 1 ,m 2 ,m 3 ) 
F(J + )\m 1 ,m 2 ,m 3 ) 

F(J-)\m 1 ,m 2 ,m 3 ) 



\mi, m2, 7713 + 1) + (mi - m 2 )\mi,m 2 ,m 3 ), 
\mi + l,m 2 ,m 3 ), 

n n mi — 1 

|mi,m 2 + l,m 3 )- £ E E QC? 

h=0i=h j=0 

x (j — m 2 ) l ~ h \m\ — 1, m 2 ,m 3 + /i). 



(8) 



In terms of Eq. ([?]), we can obtain from Eq. (|8j) by using the induction the inhomogeneous 
three-boson realization of SU n (2) 



B(J 3 ) 
B(J+) 

B(J-) 



at + ni - n 2 , 



1 , 



4+ E E(-r /l+i ^cf(a 3 + )% 

/i=CH=h 



E n 2 (n 2 



i-h-l 



(9) 



i-h+l 



2 "-2 \n 2 -ni) 



9=0 <j=0 
[n/2]-l 2r i-/i-2(r+l) . 

+ E ^n(i-^-p) E n 2 - (r+) " 9 (n 2 -n!)« 

r=0 p=0 q=0 

where the symbol [x] means taking integer of x, and Z? r 's are real constant numbers with 
respect to n, the first five constant numbers obtained by using software "MATHEMATICA" 
are D = 1/12, D x = -1/720, D 2 = -1/30240, D 3 = -1/1209600, L> 4 = 1/47900160,.... We 
notice that only appears in Eq. (||), whereas its adjoint a 3 does not, hence, if we replace 
ag" in Eq. (|9|) with an arbitrary function of a 3 and a 3 , then the new three-boson realization 
obeys the commutation relations (||) of SU n {2) as well. When C\ = 2 and Co = Cj = 
(j > 1), Eq. (^) becomes the results of SU(2), which are the Hermitian conjugate of the 
results of Ref. |6|, [27]]. 

In order to realize SlA n {2) by using the less bosons (one or two sets), we may further 
consider the quotient spaces U{SU n {2))/Ii of U(SU n (2)), and obtain, by the same approach, 
the other inhomogeneous boson realizations of SU n {2) from the induced representations on 
U(SU n (2))/Ii, whose acting spaces are the subspaces of the Fock space (g). 

(1) On the quotient space U(SU n (2))/Ii, where the left ideal I\ is generated by one 
element J 3 — Al (A is a complex number), with basis 



{X(mi, m 2 ) = X(mi,m 2 ,0)modli\mi,m 2 € N}, 



(10) 
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the indecomposable representation p, given by Eq. (H), induces a representation 



pi(J 3 )X(mi,m 2 ) = (A + mi - m 2 )X(m 1 ,m 2 ), 
/9i(J + )X(mi,m 2 ) = X(mi + l,m 2 ), 

n n mi — 1 

p 1 (J_)X(m 1 ,m 2 )= %,m 2 + l)-EE E <^Cf 

h=0i=h j=0 

x (j — m2Y~ h A h X(mi — 1, m 2 ). 



(11) 



In the process of calculating Eq. (fLl|), the property pi(J3)l = Al has been utilized. The oper- 
ator pi(J 3 ) on U{SU n (2))/I\ has the eigenvector .X"(mi,m 2 ) corresponding to the eigenvalue 
A + mi — m 2 . Thus, by making use of Eq. (|7j), we may obtain from the Fock representation 
that corresponds to Eq. ( |IT| ) the inhomogeneous two-boson realization of SU n {2) 

Bi(J 3 ) 
Bi(J+) 



A + n\ — n 2 , 



it it 

+ E E (-y- h+1 CiC?A h 



«i 



h=0 i=h 
i—h 



i-h-1 



jzjfpi S "2 * 9 («2-ni)« + i E "2 h 1 y (^ 2 -ni)9 



(12) 



9=0 
n/2]-l 2r 



q=0 



i-/i-2(r+l) 



+ e a- n E 

r=0 p=0 q=0 



i-h-2(r+l)-g 



(n 2 - ni) 9 



The above result may also be obtained from Eq. (0) by replacing ajj" with A. 

(2) On the quotient space £7(<SW n (2))/I 2 , where the left ideal I 2 is generated by one 
element J_ — Al (A is a complex number), with basis 



{X(mi,m 3 ) = X(mi, 0, m3)mod/ 2 | m -i ) m 3 € 

the indecomposable representation p, Eq. (^), induces a representation 

P2(J3)X(m 1 ,m 3 ) = X(m 1 ,m 3 + 1) + miX(mi, m 3 ), 
p 2 (J + )X(mi,m 3 ) = X(mi + l,m 3 ), 

m3 

P2(J-)X(m 1 ,m 3 ) = A E C m3 A"(mi,r) 

n n mi— 1 

- E E E CiC??- h X(mi - 1,7ns + /»), 

h=0i=h j=0 



(13) 



(14) 



by means of the property /9 2 (J_)1 = Al. With the help of Eq. (0), solving the Fock repre- 
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sentation that corresponds to Eq. ( |i~4| ) gives rise to 



B 2 (J 3 ) 
B2(J+) 

B2(J-) 



a J + hi, 



1 > 



Ae a2 + E E (-)^ /l+1 C i Cf 01 

h=0i=h 



i(-hiy- h + i(-hi) 



i-h-l 



(15) 



i—h+ 
n/2]-l 2r 

E A- II (* - - p){-hi) i ' h ~ 2 ^ 
r=0 p=0 



Compared with Eq. (12), clearly, Eq. (|15| ) gives another kind of two-boson realization of 
SU n {2). 

(3) On the quotient space U(SU n (2))/ 13, where the left ideal I3 is generated by two 
elements {</_, J 3 — k1 } (k is a complex number), with basis 



{X(mi) = X(mi00)mod/ 3 |mi G N}, 

the indecomposable representation p, Eq. (||), induces a representation 

p 3 (J 3 )X(mi) = (ac + rai)X(mi), 
p 3 (J+)X(mi)= X(mi + 1), 

n n mi— 1 

p 3 (J-)X(mi) = - E E E C?f- h K h X(mi - 1) 

h=0i=h j=0 



(16) 



(17) 



in virtue of the property /? 3 (J 3 )1 = rel. The operator /?(J 3 ) on U(SU n (2))/ 13 has the eigen- 
vector X(mi) with K + rrii as the eigenvalue. From the Fock representation that corresponds 
to (|l~7l), we may obtain by making use of Eq. (0) the inhomogeneous single-boson realization 
of SU n {2) 

K + hi, 
at 



5 3 (J 3 ) 
B 3 (J-) 



-h+i n i 

i-/i-2(r+l) 



"1 ' 

n n 

-EE ac^ h ai 

h=0i=h 
[n/2]-l 2r 

+ e D r n (* - ft - P)«l 

r=0 p=0 



i—h 



lf.i-h-1 



(18) 



When Ci = 2 and Co = Cj = (j > 1), combined with k = —j, Eq. fll8|) becomes the 
so-called Gel'fand-Dyson representation of SU(2). Q 

In summary, we have obtained the explicit expressions for the inhomogeneous single-, two- 
and three-boson realizations of SU n (2) for arbitrary n by solving the Fock representaions 
of SU n (2) that correspond to the indecomposable representation on the space of universal 
enveloping algebra U{SU n {2)) and to the induced representations on the quotient spaces 
U(SU n (2)) / Ii. Clearly, These realizations include the results of 5^2(2) |15| as a special case 
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with d = (i > 2). For the universal enveloping algebra U(SU n (2)), we may also choose 
the other bases by ordering three generators J+, J_, J3 in different sequence, on which the 
corresponding boson realizations may be related by symmetry considerations. Due to the 
tight relations between boson operators and differential operators, || for a simple example, 
Oj «-> d/dxi and af <-» x$, the inhomogeneous differential realizations of SU n {2) may be 
obtained directly from their inhomogeneous boson realizations. The results obtained in this 
paper will be applied to the potential group approach [29] with respect to SU n {2) to study 
for some typical quantum mechanical systems the corresponding bound and scattering states, 
(nonlinear) coherent states and so on. 
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